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Abstract:

Generalizing the result of Kwee (1970) on (E, 1) summability of Fourier series,
Chandra (1977) has proved a theorem of (E, g) summability of Fourier series for q > 0. Here
in the present paper, we have considered
(f, dn) summability method defined by Smith (1965) and discussed
(f, dn) summability of Fourier series under very general condition. It may be noted that (f,
dn) summability method is a generalization of (E, q) summability.

1. Introduction

Let f (z) be a non constant entire function and let {dn} be a sequence of complex
numbers such that

di=f(0), di=—f(Q) (i>1) (1.1)

Smith (1965) defined (f, dn) summability method as follows:
An infinite series XU with the sequence {S_} of its partial sums is said to be summable (f,

dn) to the sum S if

Lim» a, s, —S (1.2)
k=0

N—o0 7=

where @, ’s are the elements of matrix A = (an’k)defined by the set of equations

ap=1

a,, =0 (k#0)
and

Iﬁﬂaiﬂ_w

L f() +d &

If f(z) = z and dn = r, where r is any complex constant, we get well known Euler
method defined by Agnew (1944). In addition to the assumption made regarding the function
f, we urther assume that

f)=f'(1) =1

a,,z,(n>1)

While
(1) 20

We write
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Where az is constant given by
a,——>0 [Shoop (1979)]

Smith (1965) established regularity condition for (f, dn) summability method. The regularity
condition for (f, dn) method imply that

V,, —> 000, —>»00as N —» o0

ven
and — > ®

On

The asymptotic behavior of the Lebesgue constant for (f, dn) method of summability
of Fourier series has been studied by Shoop (1979). Since the Lebesgne constant is not
bounded, it is interesting to study sufficient criteria for (f, dn) summability of Fourier series.

Let f(t) be 27- periodic and Lebesgue integrable function of t in the interval (-, 7).
Then the Fourier series of the function f(t) is given by

f(t)~ %ao + Y (a,cos nt+b,sinnt) (1.4)

n+l

We write, at a point t = X, n— o

d(t) =%[F(X +1) +f(x —t) - 2f (x)]

o(t)= [ |o(u) | du

2. Analysis

Generalizing the result of Kwee (1970) on (E, I) summability of Fourlre series,
Chandra (1977) has studied (E, q) summability of Fourier series, q >, by proving the
following.

Theorem A.

() =[1odu=0| — @)

log=
gt

As t — 0, then the Fourier series (1.4) of the function F(t) is summable (E, q) to the
sum F(x) at a pointt = x in (-=, )

The object of the present paper is to generalize the result of theorem A by considering
general summability method (f, dn) and very general condition and establishing the
following:
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Theorem

t ot
Let a(t) and B(t) be any two positive functions of t such that o(t) and increase

monotonically with t. Let {Pn} be a non-negative, monotonic non-increasing sequence of
constants with Py as its non-vanishing n partial sum tending to infinity as N — oo,

If

a(n)logn = O[B(P,)] 2.2
as N — oo, and
1
ta—
(W)= [l o) du=0| -t 23)

L 1 : :
as N — oo, where 7 is the integral part of then I , then the Fourier series (1.4) of the

function F(t) is summable (f, dn) to the sum f(x) at a point t = x in (-, ).
3. The following lemmas are needed in order to prove our theorem

Lemma 1 : [Shoop (1979)]

ﬁ—f (ezn) + di = e(2iHnt_4a2Hnt2_Lnt2) + O(H nt3)
i 1+d,

. 2
= et 4 o(v, )
Lemma?2 :

n n 2
1—[f(e )+d, se_azt A
o 1+d, 8

It clearly follows from shoop (1979) on page 260 where

: Ri —a,tH,
1_[1+ d, =€

=

with R, =[f(e*")+d,|

4. Proof of the theorem :
Following Zygmund (1959), if Tk(x) denotes the k" partial sum of the Fourier series

(1.4) at a point t = x, then
T, (X) = F(x) = j foc )sm(k +2)tdt+0() (4.1)

Therefore, (f, dn) transform Dy of Tk will be given by following (1.2) as
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D, (0 () = Y-, T, (9 ~F(0}
2RO [ nf s L
==]% {kz_(;an’ksm(k+2jt}dt+0(l)

0

_27 (I)(t) {egian keat}dt +0(1)
-

0

n"’(tt) { Hf(e)“+d }dt+0(1)

2
o
2nlv,  Vp-A
j [+ j +0(1)
0 20V, VA
=1, +1,+1,+0(), say (4.2)
Where
1<7L<1

|1,1 + |1,2’3ay 4.3)

Now,

[ 11|—0(1)2ﬂf 01w, +1-

2nlv,

=0(v,) | l(t)]dt

O(v,), O{\TBOEIE’\\//:)) }, using (2.3)

:0{ a(v,) }
B(PV,)

)
0 using (2.2)
logv,

=0(1),as > o0 (4.4)
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1:1=00) | L e

2nlv,

=0(v,) | lo(t)] td
1 2nlv,

=0l — | | lo(t)]dt

o[ L O[L_M}
v, v, B(Pv,)

_of v }

| vilogv,

<

0(1), as > (4.5)
From (4.3), (4.4) and (4.5), it follows that

l1=0(1),as N >0 (4.6)
Further, considering I2, we have

v 2
Il:% I l(l)(tt)l{e_jot sin(vn+t)%+0(vnt3)} (4.47)

2nlv,

l21+ l2.1 say 4.7

—A
vy,

11,,=0Q) I ld)(tt) l{e _CZ”tz sin(v, + r)%}dt

2nlv,

T )] t
:O[e " J J' @Bm(vnﬂ)imt

2nlv,

o j 9D,
t

()|
of
Y,
B(P.)

L A2nlv,

<
<

=0(1)| 0
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t
=0@1) | 04—=%dt
( )271-/"\/n B(P-;)

ol v | {a(v)n
(V) |

=0

=0@),asn—>w

and
v;k

1, 1=0@) |

2nlv,

@(Vntz)dt

VH}”

=0(v,) | || t°dt

2nlv,

=o(vi#) [ 1oc]t

—h

<o(vi®) [ leclet

2nlv,

— O(v"”‘ )0 _M}
' - B(Pvy)

1
log v

=0(1),as N — o0,". % <a

=0(v;*)0

n

From (4.7), (4.8) and (4.9), we obtain
I2=0(1),as N — oo,

Finally, let us consider I3. Now using Lemma 2,

11, |=0Q) j |¢(tt)| O[e _azg”tzjdt

a(v:

2 o 6|4
B(Pv,) BPVL) Lo

J-3

L ~ -0 L +0 %
logv; logv, logv;,

)

(4.8)

(4.9)

(4.10)
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:o(vf;)o (e ;‘ngrvﬁ jj +o(t) | dt

—ua,vi 2
<0|vie 8

=0(1),as N > (4.11)
Combining (4.2), (4.6), (4.10) and (4.11), we get the required result. This completes
the proof of our theorem.
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